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^^ Abstract. Given a smooth algebraic variety with a reductive group ac- 

?— j tion, I describe a relationship between its equivariant derived category 

and the derived category of its geometric invariant theory quotient. This 
generalizes classical descriptions of the category of coherent sheaves on 
projective space and categorifies several results in the theory of Hamil- 
tonian group actions on projective manifolds. 

This perspective generalizes and provides new insight into examples 
of derived equivalences between birational varieties. I provide a crite- 
rn rion under which two different GIT quotients are derived equivalent, 

and apply it to prove that any two generic GIT quotients of an equiv- 
ariantly Calabi-Yau projective-over-affine variety by a torus are derived 
<^ equivalent. 
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1. Introduction 

I will describe a relationship between the derived category of equivariant 
coherent sheaves on a smooth projective-over-affine variety, X, with an ac- 
tion of a reductive group, G, and the derived category of coherent sheaves 
on a GIT quotient of that action. The main theorem connects three classical 
circles of ideas: 

• Serre's description of quasicoherent sheaves on a projective variety 
in terms of graded modules over its homogeneous coordinate ring, 

• Kirwan's theorem that the canonical map Hq{X) — )• H*{X//G) is 
surjective,(l3] and 
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• the "quantization commutes with reduction" theorem from geomet- 
ric quantization theory equating hP{X,C) with h^{X/ /G,C) when 
the hnearization C descends to the GIT quotient. (171 

A G-linearized ample line bundle C defines an open semistable locus 
^ss ^ -^^ ^]^g complement of the base locus of invariant global sections of C 
for A; > 0. I will denote the quotient stack JC = X/G and X'' = X''/G. In 
this paper, I will refer to the quotient stack X^^/G as the "GIT quotient", 
even though that term more commonly refers to the coarse moduli space of 
X''/G. 

In order to state the main theorem, I will need to recall the Kirwan-Ness 
(KN) stratification determined by a choice of G-invariant inner product on 
the compact form of 0.|9| This is a G-equivariant stratification of X\X*'^ by 
connected locally-closed G-equivariant subvarieties Sa indexed by a partially 



ordered set /. I will formally define a KN stratification in Definition 2.1 but 

for each a there is a distinguished one parameter subgroup A^ : C* — )■ G, 

and a closed subvariety Za C Sa fixed by Aq. r]a > will denote the sum of 

the Aq, weights on the conormal sheaf Isa /^I along Za , and Ka '■ Za '^^ X 

will denote the immersion. Because Za is fixed by A^, the restriction of an 

equivariant coherent sheaf k^F is graded with respect to the weights of A^. 

I will denote the bounded derived category of coherent sheaves on X by 

D (X), and likewise for jt^**]! Restriction gives an exact dg- functor i* : 

D {X/G) — >• D (X**/G), and in fact any bounded complex of equivariant 

coherent sheaves on X^'^ can be extended equivariantly to X. The main 

result of this paper is the construction of a functorial splitting of i* . 

Theorem 1.1 (derived Kirwan surjectivity, preliminary statement). Let 
X be a smooth projective-over-affine variety with a linearized action of a 
reductive group G, and let X = X/G. Let q : I ^ 7^ be a function on the 
index set for the KN stratification of the unstable locus X \ X'^^ . Define the 
full subcategory of D (X) 



G 
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< F* G D (X) \'H*{Lk*^F') supported in weights [q{a), q{a) + r]a) > 



Then the restriction functor i* : Gq — )• D (X*'') is an equivalence of cate- 
gories. 

Remark 1.2. I will prove a more complete version in Section [2] below. The 

full statement identifies Gq as piece of a semiorthogonal decomposition of 

D (X), and applies to any open substack of a smooth stack 53 C X whose 



complement admits a KN stratification as in Definition 2.1 



On a technical note, all of the categories in this paper will be pre-triangulated dg- 
categories, so D''(X) denotes a dg-enhancement of the triangulated category usually de- 
noted D''(X). However, all of the results will be statements that can be verified on the 
level of homotopy categories, such as semiorthogonal decompositions and equivalences of 
categories, so I will often write proofs on the level of the underlying triangulated category. 
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Serre's theorem deals with the situation in which G = C*, X is an afHne 
cone, and the unstable locus consists only of the cone point - in other 
words one is studying a connected, positively graded fc-algebra A. The 
category of quasicoherent sheaves on Proj (A) can be identified with the full 
subcategory of the category of graded ^-modules graded in degree > q for 
any fixed q. This classical result has been generalized to noncomniutative 
A by M. Artin.|2| D. Orlov studied the derived categories and the category 



of singularities of such algebras in great detail in 15 , and much of the 
technique of the proof of Theorem |1.1| derives from that paper. 

The simplest example of Theorem |l.l| is familiar to many mathematicians: 
proj ecti ve space F(y) can be thought of as a GIT quotient of V/C*. Theo- 
identifies D (P(y)) with the full triangulated subcategory of the de- 



rem 



1.1 



rived category of equivariant sheaves on V generated by Ov{q), • • • , Ov{q + 
diuiV — 1). In particular the semiorthogonal decompositions described in 
Section |3] refine and provide an alternative proof of Beilinson's theorem that 
the line bundles C'p(y)(l), . . . , C'p(y)(dimy) generate D\F{V)). 

In the context of equivariant Kahler geometry, Theorem |1.1| is a categori- 
fication of Kirwan surjectivity. To be precise, one can recover the De Rham 
cohomology of a smooth stack as the periodic-cyclic homology its derived 



category 12,19, so the classical Kirwan surjectivity theorem follows from 
the existence of a splitting of i* . Kirwan surjectivity applies to topologi- 
cal i^-theory as well|10|, and one immediate corollary of Theorem |1.1| is an 
analogous statement for algebraic ivT-theory 

Corollary 1.3. The restriction map on algebraic K-theory Ki{X) — )■ i^i(JC**) 
is surjective. 



The fully faithful embedding D^(X^'') C D^(X) of Theorem 



1.1 



and the 

more precise semiorthogonal decomposition of Theorem 2.2 correspond, via 
Orlov's analogy between derived categories and motives [14j, to the claim 
that the motive X'^'^ is a summand of X. Via this analogy, the results of 
this paper bear a strong formal resemblance to the motivic direct sum de- 
compositions of homogeneous spaces arising from Bialynicki-Birula decom- 



positions|6|. However, the precise analogue of Theorem 1.1 would pertain 
to the equivariant motive X/G, whereas the results of [6] pertain to the 
nonequivariant motive X. 

The "quantization commutes with reduction" theorem from geometric 
quantization theory relates to the fully- faithfulness of the functor i* . The 
original conjecture of Guillemin and Sternberg, that dmi H^ {X / G , C^) = 
(Mm H^ {X'^'^ / G , C^) , has been proven by several authors, but the most gen- 
eral version was proven by Teleman in [17] . He shows that the canonical 
restriction map induces an isomorphism RT{X/G,V) — )• RT{X^^ /G^V) for 
any equivariant vector bundle such that V\za is supported in weight > — t/q,. 
If Vi and V2 are two vector bundles in the grade restriction windows of The- 
orem [lT| then the fact that i?Hom^(Vi, V2) — )• i?Hom^sfl(Vi|x''s, V2|x''0 
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is an isomorphism is precisely Teleman's quantization theorem appUed to 
V2®Vi^~i?Hom(Vi,V2). 

The main application of Theorem |1.1| in this paper is to construct equiv- 
alences between the derived categories of different GIT quotients of X/G. 
The G-ample cone of X has a decomposition into convex conical chambersiO] 
within which the GIT quotient jC*'*(£) does not change. I present a criterion 
under which the GIT quotients on either side of a wall separating two cham- 
bers are derived equivalent, and give several applications. The wall crossing 
criterion gives an explicit description of how the derived category changes 
under a birational cobordism. It also implies that any two generic torus 
quotients of an equivariantly Calabi-Yau variety are derived equivalent. 

I apply the wall crossing criterion to flops which excise a subvariety iso- 
morphic to a weighted-projective or Grassmannian bundle over a smooth 
variety and replace it with the dual Grassmannian bundle. Derived equiva- 
lences for flops of Grassmannians were recently investigated by Will Dono- 
van in his PhD thesis, [8] and the connection with grade restriction windows 
will be described in a forthcoming paper of Donovan and Ed Segal. The 
advantage of grade restriction windows is that they render all of the above 
der ived equivalences tautological - both quotients are identified by Theorem 
with the same subcategory of D {X/G). 



1.1 



Finally, Section [5] extends Theorem |2.2| and its applications to categories 
of matrix factorizations and the the derived categories of some complete 
intersections and hyperkahler reductions. The argument is purely a formal 
consequence of derived Morita theory. [3] 

The inspiration for Theorem |1.1| were the grade restriction rules for the 
category of B-branes of Landau-Ginzburg models studied by Hori, Herbst, 



and Page, 11 as interpreted mathematically by Segal. 16 . The essential 
idea of splitting was present in that paper, but the analysis was only car- 
ried out for a linear action of C* , and the category Gg was identified in an 
ad-hoc way. The main contribution of this paper is showing that the split- 
ting can be globalized and applies to arbitrary X/G as a categorification 
of Kirwan surjectivity, and that the categories Gq arise naturally via the 
semiorthogonal decompositions to be described in the next section. 

I would like to thank my PhD adviser Constantin Teleman for introducing 



me to his work 17 , and for his support and useful comments throughout 
this project. I would like to thank Daniel Pomerleano for years of enlight- 
ening conversations, and specifically for patiently explaining how to recover 
derived categories of singularities using Morita theory. I'd like to thank 
Anatoly Preygel for useful conversations about derived algebraic geometry 
and for carefully reviewing section [5} Finally I'd like to thank Yujiro Kawa- 
mata for suggesting that I apply my methods to hyperkahler reduction and 
flops of Grassmannian bundles. 

The problems studied in this paper overlap greatly with the forthcoming 
work [4|, although the projects were independently conceived and carried 
out. I learned about [4] at the January 2012 Conference on Homological 
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Mirror Symmetry at the University of Miami, where the authors presented 
a method of constructing derived equivalences between toric varieties. My 
understanding is that since that time they have extended their results to 
include C* actions on smooth quasiprojective varieties and some instances 
of reductive groups acting on afiine space. However, this paper focuses on 
the global splitting using grade restriction windows, whereas they produce 
derived equivalences using subcategories of a resolution of a flop. We hope 
that the different perspectives brought to bear on these issues will be useful 
in elucidating further questions. 

2. The main theorem 

In this section we will review the geometric structure of the KN strat- 
ification and lay out the proof of Theorem |1.1[ By a simple inductive 
argument one can reduce the proof to the construction of a splitting of 
D (X) — 7- D (X — S) for a single closed KN stratum 6 C X, a stratum of 
maximal codimension in X. Of course there is no a-priori reason for restric- 
tion to an open substack to admit a splitting. We will use the rich geometric 
structure of & that arises because S is a KN stratum of a GIT stratification: 

For a maximal stratum, the geometric situation is a smooth quasiprojec- 
tive X with a G-action, an equivariant ample line bundle C, and a smooth 
closed G invariant subscheme j : 5 ^-t- Xq We denote the complement 
V = X — S. We will denote the quotients of these schemes by G by X, &, 
and 5J respectively. 

From GIT theory there is a distinguished 1-PS A : C* — t- G associated to 
&. As usual this defines the parabolic subgroup P C G of all p G G such 
that X{t)pX{t)~^ has a limit as t — >• 0. In addition we will define L C P to be 
the commutant of A, it is a Levi component of P, so we have the semidirect 
product sequence 

1 ^U ^P^^^L ^1 

where U C P is the unipotent radical. We will suppress the dependence 
of U,P, and L on A from the notation, as A will be fixed throughout this 
section (although different GIT strata have different A). 

The subscheme S has some special properties with respect to A 

(51) There is a smooth closed subscheme S C X invariant under P such 
that S = G ■ S, and the canonical map G xp S* — ;■ 5 is an isomor- 
phism. 

(52) If we define Z = SnX'^ fixed^ then S consists entirely of those points 
in X whose limit limi^o A(t) -x G Z. This map vr : x i— )■ limi_^o X{t)-x 
gives S the structure of a P equivariant bundle of affine spaces over 
Z. Thus S = Spec (^) where A = Oz©©j<o-^i is a P-equivariant 



9 ~ 

We use the notation S for the G-equivariant stratum and reserve the notation S for a 
more central object of study. 
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Oz algebra which is locally isomorphic to a polynomial algebra over 
Oz- A is supported in non-positive weights with respect to A. 

(S3) The restriction of the ideal sheaf X^ C Ox to Z has positive weights 
with respect to A. 

the 



The conormal sheaf ^qi% = Zq/Zq is locally free on S, and by (S3) 
restriction of det{p,Qix) to 3 is concentrated in a single nonnegative weight 
with respect to A (it is iff ile/x = 0)- This weight number r/, the sum of the 
weights occurring in ^q/x^ '^ill determine the width of the grade restriction 
windows. 

As the statement of Theorem 1 1 . 1 1 indicates , we will construct a splitting of 
D''(X) -^ D^(QJ) by identifying, for any w e Z, a subcategory Gy, C D^(X) 
that is mapped isomorphically onto D (QJ). In fact we will identify G^; by 
first describing a "baric structure" structure on Dg(X), the bounded derived 
category of complexes of coherent sheaves on X whose homology is supported 
on 6. First we must recall some common notions from homological algebra. 

We denote a semiorthogonal decomposition of a triangulated category T> 
by full triangulated subcategories Ai as V = {An, ■ ■ ■ ,^i).(5] This means 
that all morphisms from objects in At to objects in Aj are zero for i < j, and 
for any object oi E G T> there is a sequence = Eq ^ Ei ^- ■ ■ ■ En = E with 
Cone(-E'j_i — t- Ei) G Ai, which is necessarily unique and thus functorialjj In 
our applications D will always be a pre-triangulated category, in which case 
if .4j C P are full pre-triangulated categories then we will abuse the notation 
D = {An, ■ ■ ■ ,Ai) to mean that there is a semiorthogonal decomposition of 
homotopy categories, in which case V is uniquely identified with the gluing 

of the A-f?] 

A baric decomposition is simply a filtration of a triangulated category V by 
right-admissible triangulated subcategories, i.e. a family of semiorthogonal 
decompositions V = (P<^,P>^) such that Vy^ ^ ^>»i;+i5 and thus V^^ C 
P<^+i, for all w. For categories of coherent sheaves which have (derived) 
tensor products and inner Hom's, we will say that the baric decomposition 
is multiplicative if P>„(8)2?>^ C Vy^^w or equivalently i? IIom (D>„, X>^»„) C 

Baric decompositions were originally used to construct 'staggered' t-structures 
on equivariant derived categories generalizing those used to define perverse 
coherent sheaves. Although the connection with GIT was not explored in 
the original development of the theory, baric decompositions seem to be the 
natural structure arising on the derived category of the unstable locus in 
geometric invariant theory. 



There are two additional equivalent ways to characterize a semiorthogonal decomposi- 
tion: 1) the inclusion of the full subcategory Ai C {Ai,Ai-i, . . . ,.4i) admits a left adjoint 
Vi, or 2) the subcategory Ai C {An, ■ . ■ ,Ai) is right admissible Vi. In some contexts one 
also requires that each At be admissible in T), but we will not require this here. See a\ 
for further discussion. 
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For a closed KN stratum 6 C X, let k : '^ ^^ X denote the closed substack 
described in Property |(S2)[ In Proposition 3.19 we will show the existence of 
a multiplicative baric decomposition Dg(X) = (Dg(X)<^,Dg(X)>^) where 

Dg(X)>^ := {F'\'H*{Lk*F') supported in weight > w w.r.t A} 

Dq{X)<^w '■= {F'\'H*{Lk*F') supported in weight < w + rj w.r.t A} 

Furthermore, in Theorem |3.21| we will extend this baric decomposition to 
a semiorthogonal decomposition of the whole derived category D (X) = 
(D^(X)<^,G^,D^(X)>^) where 

G^ = {F' G D''(X)|A weights oin*{LK*F') lie in [w,w + r])} 

And the restriction functor i* : G^, — ?■ D (QJ) is an equivalence. The inverse 
is given by choosing an extension of G* G D (QJ) to -F* G D (X) and then 
taking Cone(F; ^ F^) G G^, where = FJ ^ F^ -^ F^ -^ F^ = F' is the 
canonical factorization coming from the semiorthogonal decomposition. 



The construction of the semiorthogonal decompositions of Theorem 3.21 



and Proposition 3.19 is part of a larger story about the derived categories 
of 3 and S, so we will postpone further discussion to Section [3j However, 
just knowing the existence of these semiorthogonal decompositions will be 
sufficient for the rest of this section. 

Definition 2.1 (KN stratification). A stratification of X" C X by locally 
closed substacks (3q C X" indexed by a partially ordered set / will be called 
a Kirwan-Ness (KN) stratification if 

(1) For any a, the union of the strata Ua'>a ®a' is closed in X. 

(2) Each e„ satisfies [(ST)|(S2)j and [(S3]] in X \ Ua'>a &a'- 



For a KN stratification, we will let Ka '■'5a^^ X he the immersion of the 
closed substacks 3« C &a described in Property |(S2)| and we will let Aq 
denote the distinguished 1-PS for each stratum. We will always have a KN 
stratification on the unstable locus of a projective GIT quotient, (o] 

Theorem 2.2 (derived Kirwan surjectivity). Let X he a smooth stack, let 
X*** d X he an open suhstack, and let {&a}a£i be a KN stratification (Defi- 
nition\2l^ of X"" = X\ X'' . 

For any q : I ^ Ij, define the full suhcategories of D (X) 

Gg := {F' |Vq G /, Aq weights of'H*{Li<i*^F') lie in [waiWa + ??«)} 

D|„(X)>g := {F' G D|„(X) |Va G /, A« weights of'H*{LKlF') are > q{a)} 

D|4X)<g := {F' G D|„(X) |Va G /, A« weights ofH^LKlF') are < q{a) + rja} 

Then there are semiorthogonal decompositions 

D|„(X) = (D^„(X)<„D^„(X)>,) (1) 

D''(X) = (D|.(X)<„G„D|4X)>,) (2) 
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and the restriction functor i* : Gg — )• D (X^**) is an equivalence of categories. 
We have D|„(X)>gi 0^ D|„(X)>g2 C B''^u{X)>q,+g,. 

Remark 2.3. All of the results of Section [3] are local to the strata, so this 
theorem holds for X which are only smooth in a neighborhood of X". 

Proof. Choose a total ordering of /, oq > ai > • • • such that a„ is maxi- 
mal in / \ {oo, . • . , Un-i}, so that &a„ is closed in X \ ©q-q U • • • U 6a„-i- 
Introduce the notation S" = Uj<n ^"'i ■ ®" C X is closed and admits a KN 
stratification by the n strata ©q,. for i < n, so we will proceed by induction 
on n. The base case is Theorem 13.211 

Assume the theorem holds for 6" C X, so D^(X) = (D^„ {X)<g, G^, D^„ (X)>q) 
and restriction maps G^ isomorphically onto D {X\&^). &a„ C X\6'^ is a 
closed KN stratum, so Theorem |3.21 gives a semiorthogonal decomposition 



of Gg ~ D (X \ 6") which we combine with the previous semiorthogonal 
decomposition 

D (X) = (D6„(X)<g,Dg^^^(X\e")<g(a),G^+\Dg^^(X\6")>g(a),D6„(X)><j,) 

The first two pieces correspond precisely to Dg„+i(X)<g and the last two 
pieces correspond to Dg„+i(X)>g. The theorem follows by induction. D 

Given an F' G D (X*'^), one can extend it uniquely up to weak equivalence 



to a complex in Gq. Due to the inductive nature of Theorem 2.2, the 
extension can be complicated to construct. We will discuss a procedure for 
extending over a single stratum at the end of Section [3| and one must repeat 
this for every stratum of X"*. 

Fortunately, it suffices to directly construct a single universal extension. 
Consider the product X^'^ x X = {X^'^ x X)/{G x G), and the open substack 
X*** X X'** whose complement has the KN stratification X** x ©q,. One can 
uniquely extend the diagonal Ox=«xX«= to a sheaf Oa in the subcategory Gg 
with respect to this stratification. The Fourier-Mukai transform D (X'''^) — )• 
D (X) with kernel Oa , has image in the subcategory Gq and is the identity 
over X"^ Thus for any F' £ D''(X""), iP2)*{OA ^ p{iF')) is the unique 
extension of F' to Gg. 

3. HOMOLOGICAL STRUCTURES ON THE UNSTABLE STRATA 

In this section we will study in detail the homological properties of a 
single clos ed KN stratum, i.e. a closed substack (3 C X satisfying properties 



(SI) (S3) We establish a multiplicative baric decomposition of D''(3), and 
we extend it first to a multiplicative baric decomposition of D (©), and then 
finally to Dg(X), the derived category of complexes of coherent sheaves on 
X whose restriction to 2J = X — S is acyclic. 

We will use the phrase O^-module to denote a quasicoherent sheaf on 
the stack 3 = Z/P, assuming quasicoherence and P-equivariance unless 
otherwise specified. A fixes Z, so equivariant Oz modules have a natural 
grading by the weight spaces of A, and we will use this grading often. 
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Remark 3.1. The results of this subsection do not require any smoothness 
hypotheses on Z 

Lemma 3.2. For any F £ QCoh(3) and any w £ Z, the suhmodule F>^ := 
Y2i>w ^i ^f sections of weight > w with respect to X is P equivariant. 

Proof. C* commutes with L, so -F>u, is an equivariant submodule with re- 
spect to the L action. Because U <Z P acts trivially on Z, the [/-equivariant 
structure on F is determined by a coaction a : F — )• k\U] ® F which is 
equivariant for the C* action. We have 

a{F>^)c{k[U]®F)^^= k[U]i®F,(lk[U]®F>^ 

i+j>w 

The last inclusion is due to the fact that k\U] is non-positively graded, and it 
implies that Fyyj is equivariant with respect to the U action as well. Because 
we have a semidirect product decomposition P = C/L, it follows that F>p is 
an equivariant submodule with respect to the P action. D 

Remark 3.3. This lemma is a global version of the observation that for 
any P-module M, the subspace M>^„ with weights > w with respect to A is 
a P-submodule, which can be seen from the coaction M ^ k[P]® M and 
the fact that k[P] is nonnegatively graded with respect to A. 

It follows that any F G QCoh(3) has a functorial factorization F>w ^^ 
F -» F<«,. Note that as C*-equivariant instead of P-equivariant O^-modules 
there is a natural isomorphism F ~ F>^ © P<«). Thus the functors {•)>w 
and (•)<«, are exact, and that if F is locally free, then Fy^ and F^y^ are 
locally free as well. 

We define QCoh(3)>«, and QCoh(3)<to to be the full subcategories of 

QCoh(3) consisting of sheaves supported in weight > w and weight < w 

respectively. They are both Serre subcategories, they are orthogonal to one 

another, (•)>«; is right adjoint to the inclusion QCoh(3)>w C QCoh(3), and 

{*)<w is left adjoint to the inclusion QCoh(3)<to C QCoh(3). 

Lemma 3.4. Any F G QCoh((3)<^ admits an injective resolution F — t- 
X° — ;■ X^ — ;■ • • • such thatZ^ G QCoh(3)<M,- Likewise any F G Coh(3)>«) ad- 
mits a locally free resolution ■ ■ ■ ^- Ei ^ Eq ^ F such that Ei £ Coh(3)>«). 

Proof. First assume F G QCoh(3)<to, and let F — )• X*^ be the injective hull of 
Fr\ Then ly^nF^^ = 0, hence X>^ = because I^ is an essential extension 
of F. QCoh(3)<«, is a Serre subcategory, so iP/F G QCoh(3)<to as well, 
and we can inductively build an injective resolution with X* G QCoh(3)<«;. 
Next assume F G Coh(3)>u;. Choose a surjection E ^ F where E 
is locally free. Then Eq := Ey^ is still locally free, and E>yj — )• P is 
still surjective. Because Coh(3)>u; is a Serre subcategory, ker(£'o — )• F) G 



The injective hull exists because QCoh(3) is cocomplete and taking filtered colimits 
is exact. 
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Coh(3)>io as well, so we can inductively build a locally free resolution with 
Ei G Coh(3)>». □ 

We will use this lemma to study the subcategories of D^(3) generated by 
Coh(3)>to and Coh(3)<«,. Define the full triangulated subcategories 

D''(3)>^ = {F- G D^^WiF-) e Coh(3)>^} 
D''(3)<. = {F- G D'0)\n\r) G Coh(3)<»} 
For any complex F' we have the canonical short exact sequence 

o^f;,^^f- ^ f;^ ^ (3) 

If F* G D (3)>w) then the first arrow is a quasi-isomorphism, because {•)>w 
is exact. Likewise for the second arrow if F* G D (3)<u)- Thus F' G 
D (3)>«j iff it is quasi-isomorphic to a complex of sheaves in Coh(3)>«, and 
likewise for D {'5)<w 

Proposition 3.5. These subcategories constitute a multiplicative baric de- 
composition D (3) = (D (3)<w,D (3)>u))- This baric decomposition is 
bounded, meaning that every object lies in P>«, n P<^ for some w,v. The 
baric truncation functors, the adjoints of the inclusions T>>w,1^<w C D (3), 
are exact. 



3.4 



we re- 



Proof. If A G Coh(3)>u, and B G Coh(3)<«;, then by Lemma 
solve B by injectives in QCoh(3)<M,, and thus R}iom(A, B) ~ 0. It follows 
that D^(3)>«, is left orthogonal to D^(3)<w One proves that D''(3)>r 
D^(3)>i; C D^{3)>v+w by resolving by locally frees in Coh(3)>u, and Coh(3) 
QCoh(3)>io and QCoh(3)<«, are Serre subcategories, so F^^ G D^(3)>u> 
and F^^ G D (3)<«; for any F* G D (3). Thus the natural sequence ^ 
shows that we have a baric decomposition, and that the right and left trun- 
cation functors are the exact functors (•)>«, and {•)<w respectively. Bound- 
edness follows from the fact that coherent equivariant O^-modules must be 
supported in finitely many A weights. D 

3.1. Quasicoherent sheaves on (3. Next we will construct a baric de- 
composition of D (©). We begin by naively mimicking the definition of 
QCoh(3)>,<u,, but we will have to define D (6)>^ differently than D {'5)>w 



>v 



As mentioned in property (S2), 6 ~ Spec (^)/F, where ^ is a locally 



z^ 



polynomial O^-module with Ai = for i > 0, and ^o = Oz- We will identify 
quasicoherent sheaves on the quotient stack 6 = S/P with F-equivariant 
quasicoherent ^-modules on Z. 

For any F G QCoh(6) we can consider F>^ as an equivariant Os- 
submodule of F. Define the A submodule generated in weights > w as 
P>wF := A ■ F>^. It is automatically F-equivariant, and we define /3<^ by 
the functorial short exact sequence 

^ /3>^F ^ F ^ /3<^F ^ (4) 
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{f3<^wF)i = for i > tf , but because A has negative weight spaces, {l3>wF)i 
will typically be non-zero for arbitrarily negative i. 
We define two full subcategories of QCoh((3) 

QCoh(©)>tt, = {F such that [3>wF — )■ F is surjective} 
QCoh(©)<^ = {F such that Fj = for i > w} 

= {F such that F — )■ j3^wF is injective} 

An F G QCoh((3)>«, is said to be generated in weight > w, and an F G 
QCoh(©)<^ is said to be supported in weight < w. The functor f3>w is the 
right adjoint of the inclusion QCoh(©)>^ C QCoh(6), and /3<^ is the left 
adjoint of the inclusion QCoh((3)<t„ C QCoh((3). 

Unlike the category QCoh(3)>«,, the category QCoh(6)>^ is not closed 
under subobjects. A simple example is the ideal ^<o C A defining Z C S - 
it is clearly not generated in weight > 0. However we do have the following 

Lemma 3.6. QCoh((3)<^ is a Serre subcategory o/QCoh((3). The subcat- 
egory QCoh(©)>tt, is closed under quotients and extensions 

Proof. The first claim is evident from the definition of QCoh((3)<^ by for- 
getting the ^-module structure and using the fact that the weights under A 
give functorial direct sum decompositions. 

Given a short exact sequence of equivariant ^-modules — )■ F" — )■ F — )■ 
F' — ;• 0, we get an exact sequence of O^-modules — )■ F>^ — ;• F>^ — ;• 
F>^ — )■ 0. Thus if F>^ generates F, then F>^ generates F' . Also, if 
l3>yjF" = F" and l3>yjF' = F' , then (i>wF contains F" and maps surjec- 
tively onto F', so /3>^F = F. D 

In order to characterize elements of Coh((3)>^ we prove 

Lemma 3.7. Let F G Coh((3), then the following are equivalent 

(1) F G Coh(6)>^, 

(2) there exists a surjection A ®Oz E ^^ F where E G Coh(3)>io is 
locally free, and 

(3) F0^O^GCoh(3)>^. 

Remark 3.8. Because Coh(6)>^ is not closed under subobjects, this lemma 
does not guarantee the existence of a left resolution by locally free sheaves 
in Coh((3)>^. 

Proof. 1 =^ 2: By the ascending chain condition there is a coherent Oz- 
submodule F' C F>^ which generates F. We choose a surjection E ^>^ F' 
from a locally free sheaf in Coh(3)>«;, and then A® E ^ F \s surjective. 

2 =^ 3: If ^ (g) F — 7- F is surjective, then taking the tensor product with 
Oz gives a surjection E ^ F ® Oz- Hence F O^ G Coh(3)>«,. 

3 =^ 1: Choose a surjection A®E^-F where F G Coh(3) is locally free. 
By hypothesis A ® F>^ — )■ F is surjective after tensoring with O^, so it 
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follows from Nakayama's lemma that A^E>w -^ F is surjectiverl The image 
of E>u] is contained in F>w and generates F, hence F £ Coh(S)>i„. D 

If F G QCoh(©)>u; then the surjection A^Fy^j — ^ F gives HomeC-F, G) ^-)- 

}lom.e{A^F>^, G) = Hom3(F>^„, g). The last group is if G e QCoh(6)<^ 

because then F>^ and G are graded in non-overlapping weights with respect 

to A. A similar argument using a surjection A (X" F>^ — )• F shows that if F 

is coherent and G G QCoh(6)<^ then Hom ^fF, G) G QCoh((3)<„_^. 

Unfortunately the categories Coh(S)>^ and Coh(6)<u, are no longer or- 
thogonal in D (6). The example mentioned above — )• ^<o — )• ^ — )• Oz — )• 
corresponds to a nontrivial class in Ext(g(C'^,^<o). However, we have 

Lemma 3.9. Let E £ QCoh(3)>«,, and let F' be bounded below with 
W{F') e QCoh(e)<^ for alii. Then RRouieiA^ E, F') = 0. 

Proof. Let vr : 6 — t- 3 be the projection. Then ^ (g) F ~ Ltt*E because A is 
flat over Oz- From the derived adjunction we have i?Hom6(L7r*F, F*) ~ 
i?Hom3(F, i?7r*F*). vr is affine, so Rir^F' ~ 7r^,F* G ^~^{'5)<w The claim 
follows from the fact that QCoh(3)>iu is left orthogonal to D"'"(3)<w ^ 

Thus we will focus on subcategory of D (6) generated by sheaves of the 
form A^ E with F G Coh(3)>«,. We define 

B\6)<^ = {F* G B\&)\n\F') G QCoh(6)<^ for aU i} 

D^(6)>^ = {F* G I)\6)\F' c^A^E' with F* G Coh(3)>^} 

Note that D (©)<«, is a thick triangulated subcategory because QCoh(6)<^„ 



is a Serre subcategory of QCoh((3). We will show in Proposition 3.13 that 
D {&)>w is a thick triangulated category as well. 

Consider a complex in QCoh(S) of the form A E' . Note that the 
differential ^(E>F* — )■ ^®F*"*"^ is not necessarily induced from a differential 
F* —7- F*+-^. However we observe 

Lemma 3.10. //Fg QCoh(3), t/ien /3>^(^ ® F) ~ ^ ® F>^. 

Proof. /?>^(^(8'F) is the largest ^-submodule oi A^E generated in weight 
> w, so A^Eyw C /3>i„(^(g)F). Conversely /3>^(^(S'F) is the ^-submodule 
generated by 0j-|_j>^^i (^ Ej, which is the same as the ^-submodule gen- 
erated by 0j>„ Ao(S> Ej cA(S) E>y,. Thus /3>^(^ (^E) cA(S> F>^. D 

This guarantees that A (S" F>^ is a subcomplex, and E>yj is a direct 
summand as a non-equi variant O^-module, so we have a canonical short 
exact sequence of complexes in QCoh(6) 

O-^ACi) E'y^ ^ A®E' -^ A® f;^ -^ (5) 



The natural extension of Nakayama's lemma to stacks is the statement that the sup- 
port of a coherent sheaf is closed. In our setting we consider an _F £ Coh(6). \iF®Oz ~ 0, 
then supp(_F) n Z = 0, but every nonempty closed substack of S intersects Z nontrivially, 
so -F = 0. We can apply this to the cokernel of a map of coherent sheaves to conclude 
that the map is surjective iff it is surjective after tensoring with Oz- 
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Using this sequence we prove 

Proposition 3.11. The categories D\e) = (D''(6)<^, D^(6)>u,) consti- 
tute a multiplicative baric decomposition. 

Proof. Note that every F £ Coh(6) has a highest weight space as an equi- 
variant O^-module Fy^ ¥" where i^>«, = for w > h. Furthermore, 
because ^<o G QCoh(3)<o the map {F)>h -^ {F Oz)>h is an isomor- 
phism. 

In fact any coherent equivariant O^-submodule E^ C F which generates 
F as an equivariant ^-module must contain F>fi. It fohows that ker(^ (g) 
E^ —7- F) has highest weight strictly less than h. Iterating this construction 
we get a resolution • • • — t- ^ iS" E~^ -^ A^ E^ — )• F such that for any w, 
^>w ~ f*^^ i ^ 0. We can likewise construct such a presentation for any 
F^GD''(6). 

The canonical short exact sequence ^ gives an exact triangle A^Ey^ — ;■ 

F' ^ A(E> E'^^ --->. The first term is in D {6)>w, and because both the 
first and second term have bounded cohomology, the third term has bounded 
cohomology as well, and it is manifestly in D (©)<„;. Finally, Lemma 3.9 



implies that RRom{F',G') = for F' € D''(6)>^ and G' £ D^(6)<^. 
Thus we have our weak semiorthogonal decomposition. 

The multiphcativity of D^{&)>w follows from the fact that D''(3)>to is 
multiplicative, the fact that Lit* respects derived tensor products, the fact 
that A(S^E ~ Lti*E for E € QCoh(3), and the fact that sheaves of the form 
A^E generate D''(6)>^. D 

In the remainder of this subsection we will identify a more intrinsic char- 
acterization of D (©)>„,. Let (T : 3 ^-^ S be the canonical section of 6 — ;■ 3- 
First we observe the following extension of Nakayama's lemma to the derived 
category 

Lemma 3.12 (Nakayama). Let F' € D~((3) with coherent cohomology. If 
La*F' ~ 0, then F' ~ 0. 

Proof. If H^{F') is the highest nonvanishing cohomology group, then H^{La*F' 
a*H''{F'). By Nakayama's lemma a*H''{F') = ^ W{F') = 0, so we 
must have a*H'^{F') / as well. D 



From the definition in Proposition 3.11 it is not even clear that D (©)>«, is 



a triangulated subcategory. However, using the derived version of Nakayama's 
lemma we have 

Proposition 3.13. Let F* G D (6). Then the following are equivalent 

(1) La*F- G D^(3)>^, 

(2) F' is quasi-isomorphic to a right-bounded complex of the sheaves of 
the form A0 E'^ with E^ G Coh(3)>«; locally free, 

(3) F- e B\e)>^. 
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Proof. 1 44> 2: Only one direction requires proof. Let La*F' G D (3)>w 
We choose a right bounded presentation by locally frees Afi^ E' ~ F* and 
consider the canonical sequence ([5|. 

Restricting to 3 gives a short exact sequence — )■ -E>^ -^ E' ^ l^'<w ~^ 
0. The first and second terms have homology in Coh(3)>«), and the third 
has homology in Coh(3)<w These two categories are orthogonal, so it 
follows from the long exact homology sequence that E'^^ is acyclic. Thus 
by Nakayama's lemma A ® E'^^ is acyclic and F* ~ ^ (g) E^^. 

1 <^ 3: For any E G Coh(3), La*{A(^E) ~ E, so if F' is equivalent to a 
finite complex of the form A0 Ey^, then La*F' G D^(3)>w 

Conversely if La*F' G D (3)>w), consider the factorization from the proof 



of Proposition 3.11 , A^ Ey^ ■-^ A0 E' -^ A(E> E'^^, where the left term 



is a bounded complex and the middle term is a right-bounded complex 
equivalent to F' . Applying La* to this sequence, La*{A0 E'^^) G D {3)<w 
is acyclic by the same reasoning as above. Hence A E'^^ is acyclic by 
Nakayama's lemma and we get A ® Ey^ ~ F' . D 

Remark 3.14. By a slightly more refined construction, relying on the 
smoothness of 3, one can always choose a presentation A <^ E' ~ F' by 
locally frees such that for each w, Ey^ = for i ^ 0. It follows that fi>wF* 
is equivalent to a finite complex of locally frees of the form A ® E^^. 

We note the role of Serre duality on 6. Let uq := (A*°^ g) <» (A*"*" ^s) be 
the equivariant canonical bundle of 6. It is a dualizing bundle on & and we 
define the Serre duality functor De(*) = -R Hom f*, ojg). From the discussion 
above, we have seen that F* G D (©)>«, iff it admits a resolution by locally 
free ^-modules whose weights along 3 are > w. Conversely, F* G D ((5)<t„ 
iff it admits a finite presentation by vector bundles whose weights along 3 
are < tt;. It follows that 

De(D''(e)>^) = D''(e)<,+i_^ 

where a is the weight of A on the fiber of toe along 3- Because A is concen- 
trated in nonpositive weights, we have a < 0, with equality iff ^ = Oz, i.e. 
the entire stratum is fixed by A. 

3.2. Quasicoherent sheaves vi^ith support on &. Now we return to the 
derived category of X itself. We will extend the baric decomposition of D (6) 
to a baric structure of Dg(jC). Then we will construct the semiorthogonal 
decomposition 

D (X) = (Dg(X)<t„,G^,Dg(X)>tt,) 
such that i* : G^ -^ D (QJ) is an equivalence. 

Definition 3.15. We define the thick triangulated subcategories of D (X) 
D^(X)>„ := {F- G D'>iX)\Lj*F- G D*(6)>^} 
D''(X)<^ := {F- G B'{X)\RfF- G D^(6)<^} 
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These do not form a baric decomposition on X, but they are important 
for the fohowing reason 

Theorem 3.16 (Quantization Theorem). Let F* G D (X)>^ and G' G 

D (X)<t; and w > v, then the restriction map 

RHomx{F',G') ^ RRom^{F'\y,G'y) 

is an isomorphism. 

Proof. This is equivalent to the vanishing ol RTip,( RHoni -^(F' , G')). By the 
formula -Rf Hom ^fF', G') ~ Homg(Lj*F*, i?jG*) it suffices to prove the 
case where F' = Ox, i-e. showing that RTq{G') = whenever RjG' E 
D(6)<o. 
We have 

RTeiG') = lir^RRomxiOx/l6,G') 
so it suffices to show the vanishing of each term in the limit. From the short 
exact sequences of Ox modules 

^ Xg/Xg ^ Ie/^6 -^ ^e Ae ^ for ah m < n < p (6) 

we see that Ox/^q is in the triangulated subcategory generated by Xg/Xg^ = 
J* Sym"'(Q6^) where OgjC = Xg/Xg is the conormal sheaf. 

Thus we have reduced the claim to showing that R Hom(j* Sym" (J7gX) ,G' 
i?Homx(Sym"(OeX),i?j'G') = 0. By hypothesis RfG' G D(6)<o and' 
Sym" OgX G D ((3)>o, so the vanishing follows from the baric decomposi- 
tion on & of Proposition |3.11 D 



Remark 3.17. The key fact for the quantization theorem is that the conor- 
mal cone 0Xg/Xg lies in D (S)>o 

Lemma 3.18. Let Xg be the ideal sheaf of & and let V be a locally free 
sheaf on 6 . Then Tor^Q^ (Xg , j* F ) ~ j* F A'^^ {'^6 Ag ) • 

Using this well known lemma we can uniquely extend the baric decompo- 
sition on D^ (6) toD^(X). 

Proposition 3.19. There is a unique multiplicative baric decomposition 
D^g(X) = (D^(X)<^,D^g(X)>^) such that 

j;(D''(e)>^) C D|;(X)>^ and j;(D^(e)<^) C D^(X)<^ 

Lt is described explicitly by 

D^(X)<^ = {F- G B'e{X)\RfF- G D^(6)<^} 

D|;(X)>^ = {F- G D''{X)\Lj*F- G D''(6)>^} 

Proof. Note that a necessary condition for this proposition to hold is that 
j*(D ((5)>^) is right orthogonal to i*(D ((3)<u,), which is equivalent to 
showing Lj*j^(D {&)>w) C D (6)>^. It suffices to check this for locally 



free F G D ((3)>^ because they generate. By Lemma 3.18 W{Li*j^,V) 
V0/\'+^j*Ig G D''(©)>^, so Lfj.V G B\G)>^. 
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Now let D@(X)>«, and Dg(X)<TO be the thick triangulated subcategories 

generated by j* (D {&)>w) andj*(D (6)<^) respectively. D@(X)<^ is right 

orthogonal to Dg(6)>^, so what we must show is that Dg(j£) = Dg(X)>«,* 

Dg(j£)<t„, where the A-kB denotes the full subcategory consisting of F 

admitting triangles A^ F ^ B --^y with A £ A and B £ B. 

It is an exercise in triangulated categories that if A and B are triangulated 
subcategories, and B C A-^, then the subcategory ^*;S is triangulated as 
well. Furthermore, for any F £ D (S) we have the exact triangle j^:f3>wF — )• 
j^:F — )• j^(5<,u]F — ->, so D@(X)>^ *Dg(X)<u; is a triangulated subcategory 
containing j*(D (6)), and so Dg(X) = Dg(X)>^ *Dg(X)<u, as desired. 

Now that we have shown that Dg(X) = (Dg(X)<^,Dg(X)>^), we have 

F' G D^(X)>^ ^ RHomxiF'j.G') = 0, VG' G D''(6)<^ 

^RRomxiLj*F',G') = 0, VG' G D^(6)<^ 

^ LfF- D^(6)>^ 

A similar computation shows that F' G Dg(X)<iu iff Rj'F' G D ((3)<^. D 

The baric decomposition of Proposition 3.19| extends uniquely to a baric 
decomposition of the derived category of quasicoherent sheaves 

De(X) = (Dg(X)<^, Dg(X)>^) (7) 

By the following general fact: if C C T is a triangulated subcategory which 
generates T and consists of compact objects, and if C = {A,B), then T = 
{A,B). To prove this note that B is right admissible by Brown-Neeman 
represent ability, and A generates B-^ because A and B together generate T- 
The last ingredient we need is the following 

Lemma 3.20. Let F' £ D (X). Then for sufficiently large N the canonical 
map 

0>,„RRom(Ox/I^,F-) ^ (Sy^RTeiF-) 

is an equivalence, hence f3>^RT_Q : D (X) — ;■ Dg(X)>^. 

Proof. i?rg(F*) = limHom ^(0 y /Xg , J' ) for a homotopy injective replace- 
ment F' — 7- /*. Thus the short exact sequence ([6]) gives a short exact 
sequence 

-^ Rom^(Ox/Is' I') -^ lii^Hom^(Ox Ae, /■) ^ limHom^fX^S'/Xg, /') -^ 

Xg/Xg"*" is a vector bundle along 6 generated in weights > n, so due to the 
short exact sequence ^ we have X^/Xg G Dg(X)>Ar for all n > N. 

Now Rj-F' G B\e)<w for some sufficiently large W, so i?Hom^(X^/Xg, F") G 

Dg(X)<H^_Ar. Because D6(X)<u, is cocomplete, we have lirn i^ Hom ^^ (Xg^ /Xg , F ' ) G 

^6{^)<W-N- It follows that for any N > W — w, 

l3>^RBmn^{Ox/Te,F') ^ /3>»i?rg(F-) 

D 
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The functor /3>^i?rg(») is right adjoint to the inclusion of the full sub- 
category D^(X)>^ C B^X), because for F' G D^(X)>^ and G' G D^(X) 
we have 

^i?HomD^,(^)^jF-,/3>^i?reG-) 

We also have that Dg(X)>^ C D (X)>u, is right admissible for the same 
reason. 

We pause here to discuss how Serre duality interacts with the structures 
we have defined. Let ujx '■= (A °^ d) ^ (A °^ ^x) ^^ ^^^ canonical bundle of 
X. We have Rj'{ujx) = ^e[—c] and Rj'{Ox) — det{i^eXy [—c] where c is the 
codimension oi S ^^ X. If we use a;x[vdimX] and Ci;e[vdim6] as dualizing 
complexes on X and 6, then we have the identity I^qLj*F' ~ Rj-'DxF' . 
From the remarks about Serre duality at the end of the last subsection, we 
have 

F- G D^(X)<^ ^ BeLfBxF- G D^(6)<^ 
^ LfOxF- G B\e)>a+i-^ 

Thus we have Da-(D*(X)>^) = D\X)<a+i-w 

Theorem 3.21. Let Gw = D^(X)>u, D D^(X)<^, and k : ^ ^^ X the dosed 
immersion, then 

Gw = {F' G D {X)\Lk*F' supported in weights [w,w + r/)} 

where rj is the weight of det{^QX) . There are semiorthogonal decompositions 

D (X) = (De(X)<^, Gt„,Dg(X)>^) 

And the restriction functor i* : D (X) — t- D (QJ) induces an equivalence 
Gw ^ D^(QJ) 



Proof We have Lj*F' G D*(©)>^ iff Lk*F' G D''(3)>^ by definition. Also 
Rf-F- ~ Rj'Ox ^^ Lj*F- G B\&)<w iff cj*{Rj-Ox) €D Lk^F" g D*(3)<^. 
Because iij- Ox ^ det(Qe^)^, we have F" G D''(X)<^ iff Lk*F' g D^(3)<^+r, 
where rj is the weight of QqX. 

The existence of a semiorthogonal decomposition is entirely a formal con- 
sequence of the previous discussion. We know that Dq{X)>w C D (X) is 
right admissible, and the adjunction between j* and j' along with the fact 
that j* D {6)>w generates Dg(X)>^ guarantees that D (X)<^ = Bq{X)J;^. 

By Serre duality Dg(X)<^ is left admissible in D (X), and its left orthog- 
onal can be similarly identified with D {X)>w The existence of the claimed 
weak semiorthogonal decomposition now follows. Theorem 3.16| implies that 
i* : Gw — )• D (03) is an equivalence of categories. D 
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One can explicitly define the inverse using the functors (3>w and /3<t„ 
on D^(X). Given F' G D*(QJ), choose a complex F' G D^(X) such that 
F' |ig ~ F* . Now for A^ ^ take the mapping cone 

/3>^REom^{Ox/lg,F-) = Py^RT^F' ^ r ^ G' -^ 

So G* G D (X)<i„. By Serre duality the left adjoint of the inclusion Dg(X)<^ C 
D (X)<^ is Dx/3>r;+i-«)^rgD3£, and this functor can be simplified using 
Lemma |3. 20 We form the exact triangle 



G- ^G- ^ p^UG' 0^^ Ox/I^) -^ 
and G' G G^ is the unique object in G^ mapping to F' . 

4. Derived equivalences and variation of GIT 



We apply Theorem 2.2 to the derived categories of birational varieties 
obtained by a variation of GIT quotient. First we study the case where 
G = C*, in which the KN stratification is particularly easy to describe. Next 
we generalize this analysis to arbitrary variations of GIT, one consequence 
of which is the observation that if a smooth projective-over-affine variety X 
is equivariantly Calabi-Yau for the action of a torus, then the GIT quotients 
of any two generic linearizations are derived equivalent. 

A normal projective variety X with linearized C* action is sometimes re- 
ferred to as a birational cobordism between X/ /cG and X//^j.)G where 
C{m) denotes the twist of C by the character t >-^ f^ . A priori this seems 
like a highly restrictive type of VGIT, but by Thaddeus' master space con- 
struction ll8j, any two spaces that are related by a general VGIT are related 
by a birational cobordism. We also have the weak converse due to Hu &: 
Keel: 

Theorem 4.1 (Hu & Keel). Let Yi and Y2 be two birational projective 
varieties, then there is a birational cobordism X/C* between Yi and Y2. If 
Yi and I2 o'^e smooth, then by equivariant resolution of singularities X can 
be chosen to be smooth. 

The GIT stratification for G = C* is very simple. If C is chosen so that 
the GIT quotient is an orbifold, then the Z^ are the connected components 
of the fixed locus X*-', and Sa is either the ascending or descending manifold 
of Za, depending on the weight of C along Za- 

We will denote the tautological choice of 1-PS as A"^, and we refer to "the 
weights" of a coherent sheaf at point in X'^ as the weights with respect to 
this 1-PS. We define /io- G Z to be the weight of £1^^ . If /i^ > (respectively 
fj-a < 0) then the maximal destabilizing 1-PS of Za is A"*" (respectively A~). 
Thus we have 



Sa = IxeX 



lim t ■ X £ Zn ii Ua > 
t-s>0 

lim t~^ • X £ Za ii Ua < ^ 

/_!.n 



t->0 
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Figure 1. Schematic diagram for the fixed loci Z^- Sa is 
the ascending or descending manifold of Z^ depending on the 
sign of Ha- As the moment fiber varies, the unstable strata 
Sa flip over the critical sets Z^- 



Next observe the weight decomposition under A"*" 



n],\z..^nl 



(BAf^ eAf~ 



Then Q,^ Ijq 






(8) 



© TV" if Ha > and O^^ \^c = Qj,^ © 7V+ if fia < 0, so 
we have 

weight of det TV"'' \za if /^a > 
-weight of detAA~|^^ if ^^ < 

There is a parallel interpretation of this in the symplectic category. A 
sufficiently large power of C induces a equivariant projective embedding and 



Vo 



(9) 



thus a moment map /i : X 



for the action of S C C*. The semistable 



locus is the orbit of the zero fiber X'^^ = G ■ fi~^{0). The reason for the 
collision of notation is that the fixed loci Za are precisely the critical points 
of /x, and the number /Iq, is the value of the moment map on the critical set 



Varying the linearization C{r) by twisting by the character 1 1— t- t~'^ corre- 
sponds to shifting the moment map by — r, so the new zero fiber corresponds 
to what was previously the fiber /i~^(r). For non-critical moment fibers the 
GIT quotient will be a DM stack, and the critical values of r are those for 
which fia = weight of £(r)|^^ = for some a. 

Say that as r increases it crosses a critical value for which /Uq = 0. The 
maximal destabilizing 1-PS A^ fiips from A^ to A~, and the unstable stratum 
Sa flips from the ascending manifold of Za to the descending manifold of 
Za- In the decomposition Q, the normal bundle of Sa changes from J\f^ 
to M~ , so applying det to p| and taking the weight gives 



weight ofu}x\z^ 



Va-Va 



(10) 



Thus if ux has weight along Za , the integer rja does not change as we 



cross the wall. The grade restriction window of Theorem 2.2 has the same 



width for the GIT quotient on either side of the wall, and it follows that the 
two GIT quotients are derived equivalent because they are identifled with 



20 DANIEL HALPERN-LEISTNER 

the same subcategory Gq of the equivariant derived category D (X/G). We 
summarize this with the following 

Proposition 4.2. Let C be a critical linearization of X/C*, and assume 
that Za is the only critical set for which Ha = 0. Let a be the weight of 
^x\za> ^'^'^ let e > be a small rational number. 

(1) If a > 0, then there is a fully faithful embedding 

T}\X/Ui,)G) C D^X//^(_,)G) 

(2) If a = 0, then there is an equivalence 

B'{X//ci.)G) ^ B\X//ci^,)G) 

(3) If a < 0, then there is a fully faithful embedding 

D^(X//^(_,)G) C D^(X//^(,)G) 

The analytic local model for a birational cobordism is the following 

Example 4.3. Let Z be a smooth variety and let N = ® A/i be a Z- 
graded locally free sheaf on Z with A/q = 0. Let X be the total of AA - it 
has a C* action induced by the grading. Because the only fixed locus is Z 
the underlying line bundle of the linearization is irrelevant, so we take the 
linearization Oxir)- 

If r > then the unstable locus is N- C X where N- is the sum of 
negative weight spaces of AA, and if r < then the unstable locus is A/^ (we 
are abusing notation slightly by using the same notation for the sheaf and 
its total space). We will borrow the notation of Thaddeus jTs] and write 
X/± = {X\N^)/C*. 

Inside X/zt we have A/±/=b ~ lP(A/±), where we are still working with quo- 
tient stacks, so the notation P(A/±) denotes the weighted projective bundle 
associated to the graded locally free sheaf A/±. If vr-i- : P(A/±) — t- Z is the 
projection, then X/ib is the total space of the vector bundle 7r5-A/':p(— 1). We 
have the common resolution 



O 




P(A/'-)xsIP(A/'+) 



<AA_(-1) TT*_M+{-l) 

Let vr : X — ?• Z be the projection, then the canonical bundle is ujx = 

'K*{ijjz ® det(A/'+)^ ® det(A/'_)^), so the weight of ujx\z is Y^ i rank(7Vj). In 
the special case of a flop, Proposition |4.2| says 

if ^irank(A/'i) = 0, then V)\ti\M-{-1)) ~ I}\-k*_M+{-1)) 
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4.1. General variation of GIT quotient. We will generalize the analysis 
of a birational cobordism to an arbitrary variation of GIT quotient. Until 
this point we have taken the KN stratification as given, but now we must 
recall its definition and basic properties as described in [9j. 

Let NS (X)]K denote the group of equivariant line bundles up to homo- 
logical equivalence, tensored with M. For any £ G NS (X)k one defines a 
stability function on X 



Af^(x) := 



max 



weight;^ Cy 



|A| 



A s.t. y = lim Aft) • x exists 



M (•) is upper semi-continuous, and M*{x) is lower convex and thus contin- 
uous on NS (X)]R for a fixed x. A point x G X is semistable if M'^(x) < 0, 
stable if M (x) < 0, strictly semistable if M (x) = and unstable if 
M^{x) > 0. 

Now let V denote the set of pairs (A, Z) where A is a 1-PS of G and Z is a 
connected component of X^, modulo the action of G. The set of Z appearing 
in such pairs is finite up to the action of G. Define the numerical invariant 
fi'--{\,Z) = 1^ weight;,^ £| 2 G R. We can construct the KN stratification 

iteratively by taking a {Xa,Za) G V maximizing fi^, considering the open 
subset Z° C Za not intersecting any higher strata, and defining Sa to be 
the orbit of the attracting set of Z° under Aq . 

The G-ample cone C'^{X) C NS (X)ir has a finite decomposition into 
convex conical chambers separated by hyperplanes - the interior of a cham- 
ber is where M^(x) / for all x G X, so X'^*(i2) = X'^{£). We wih be focus 
on a single wall-crossing: Cq will be a G-ample line bundle lying on a wall 
such that for e sufficiently small C± := Cq i: eC both lie in the interior of 
chambers. 

By continuity of the function M*(x) on NS (X)]^, all of the stable and 
unstable points of X^{Co) will remain so for C±. Only points in the strictly 
semistable locus, X^^'^{Co) = {x G X\M'-'{x) = 0} C X, change from being 
stable to unstable as one crosses the wall. 

In fact X'^^{Co) is a union of KN strata for X"*(£+), and symmetrically 
it can be written as a union of KN strata for X"'*(£-).|9j Thus we can write 
X**(£o) in two ways 



3i''iCo) 



efu 



uei^ur 



'ic, 



ill) 



Where Sf are the KN strata of X"^(£±) lying in X^*(£o) 



Definition 4.4. A wall crossing C± = Cq i: eC will be called balanced if 
rri- and 3,^ = 3^ under the decomposition (11). 



m+ 



By the construction of the strata outlined above, there is a finite collection 
of locally closed Zi G X and one parameter subgroups Aj fixing Zi such that 
G-Zi/G are simultaneously the attractors for the KN strata of both X^^{C±) 
and such that the A- are the maximal destabilizing 1-PS's. 
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Proposition 4.5. Let a reductive G act on a projective-over-affine variety 
X . Let Co be a G-ample line bundle on a wall, and define C± = £0 i eC 
for some other line bundle CJ . Assume that 

• for € sufficiently small, X^^{C±) = X^{C±) 7^ 0, 

• the wall crossing C± is balanced, and 

• for all Zi in X^*(£o); {^x)\zi has weight with respect to Xi 
then V)\X''{C+)) ~ D^(X^*(£_)). 



Remark 4.6. Full embeddings analagous to those of Proposition 4.2 apply 
when the weights of {uJx)\zi with respect to Aj are either all negative or all 
positive. 



Proof. The proof is an immediate application of Theorem 2.2 to the open 



substack X'^{C±) C X*^(>Co) whose complement admits the KN stratification 



(11). Because the wall crossing is balanced, Z^ = Z,-^ and \ (t) = X]'{t 



and the condition on ujx implies that vt — Vi ■ So Theorem 2.2 identifies 
the category Gg C D^(X^"(£o)) with both D^(X^(£_)) and D^(X^(£+)). D 

Example 4.7. Dolgachev and Hu study wall crossings which they call truly 
faithful, meaning that the identity component of the stabilizer of a point 
with closed orbit in X'^*(£o) is C*. They show that every truly faithful wall 
is balanced. fol Lemma 4.2.3] 

Dolgachev and Hu also show that for the action of a torus T, there are no 
codiinension walls and all codimension 1 walls are truly faithful. Thus any 
two chambers in C {X) can be connected by a finite sequence of balanced 
wall crossings, and we have 

Corollary 4.8. Let X be a projective-over-affine variety with an action of a 
torus T. Assume X is equivariantly Calabi-Yau in the sense that cox — Ox 
as an equivariant Ox-'module. If Cq and £1 are G-ample line bundles such 
that X'id) = X''{Ci), then B\X'{Co)) ~ D^(X"(£i)). 

A compact projective manifold with a non-trivial C* action is never equiv- 
ariantly Calabi-Yau, but Corollary |4.8| applies to a large class of non compact 
examples. The simplest are linear representations F of T such that det V is 
trivial. More generally we have 

Example 4.9. Let T act on a smooth projective Fano variety X, and let 
£ be an equivariant ample locally free sheaf such that deti? ~ uj^. Then 
the total space of the dual vector bundle Y = Specx{S*£) is equivariantly 
Calabi-Yau and the canonical map Y -^ Spec(r(X, S*£)) is projective, so Y 
is projective over affine and by Corollary |4.8| any two generic GIT quotients 
Y I jT are derived equivalent. 

When G is non-abelian, the chamber structure of C'^(X) can be more 
complicated. There can be walls of codimension 0, meaning open regions in 
the interior of C'^(X) where X* 7^ X'"*, and not all walls are truly faithful. (9] 
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However, the property of a wall crossing being balanced is weaker than being 
truly faithful, and can sometimes be verified directly. 

Example 4.10. Choose k < N and let F be a A;-dimensional vector space. 
Consider the action of G = GL{V) on X = T* Hom(y, C^) = Hom(y, C^) x 
Hom(C^, V). A 1-PS A : C* — )• G corresponds to a choice of weight decom- 
position F ~ Vfc under A. A point (a, b) has a limit under A iff 

F>o C ker(a) and im(6) C V>o 

in which case the limit (oo,6o) is the projection onto Vq C V. There are 
only two nontrivial characters up to rational equivalence, det . A point 
(a, b) is semistable iff any 1-PS for which X{t) ■ (a, b) has a limit as t — )• 
has nonpositive pairing with the chosen character. 

If we linearize with respect to det, then (a, b) ^ X is semistable iff a is 
injective. The unstable strata are indexed by i = 1, • • • ,k 

Z, = {(a, b) G X\V = im(6) ker(a) and dim(ker(a)) = i} (12) 

The distinguished 1-PS A^*" for a point (a, b) G Zi acts with weight on 

im(6) and with weight 1 on ker(a). If instead we linearize with respect 

to det" , then (a, b) is semistable iff b is surjective, and the strata Zi are 



exactly the same as (12). So this is a balanced wall crossing with Cq = Ox 
and C = Ox (det). 

Finally, the variety X is equivaria ntly Calabi-Yau, so ujx has weight with 
respect to all A^ . By Proposition 4.5 the two GIT quotients are derived- 



equivalent. 

Let G{k, N) be the Grassmannian parametrizing fc-dimensional subspaces 
V C C^, and let -^ U{k,N) -^ O^ ^ Q{k,N) ^ be the tautological 
sequence of vector bundles on G{k,N). Then j£**(det) is the total space 
of U{k,N)^, and X'^''(det-^) is the total space of {Q{N - k,Ny)^ over 
G{N — k, N). Thus we have established an equivalence of derived categories 

D\Uik, N)^) ~ D\{Q{N - k, A^)^)^) 

The astute reader will observe that these two varieties are in fact isomor- 
phic, but the derived equivalences we have constructed are natural in the 
sense that they generalize to families. Specifically, if £ is an A^-dimensional 
vector bundle over a smooth variety Y, then the two GIT quotients of the 
total space of Hom (0v V, £) e Hom (g, Oy <^ V) by GL{V) wih have equiv- 
alent derived categories. 

Remark 4.11. This example is similar to the generalized Mukai flops of 
u\ . The difference is that we are not restricting to the hyperkahler moment 
fiber {ba = 0}. The surjectivity theorem cannot be applied directly to the 
GIT quotient of this singular variety, but in the next section we will explore 
some applications to abelian hyperkahler reduction. 
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5. Consequences for complete intersections, matrix 
factorizations, and hyperkahler reduction 

In this section I remark that Theorem |1.1| extends to complete inter- 
sections in a smooth X/G for purely formal reasons, where by complete 
intersection I mean one defined by global invariant functions on X/G. 

In this section I will use derived Morita theory ([3], [12]), and so I will 
switch to a notation more common in that subject. QC(X) will denote the 
unbounded derived category of quasicoherent sheaves on a perfect stack X, 
and Perf(X) will denote the category of perfect complexes, i.e. the com- 
pact objects of QC(X). All of the stacks we use are global quotients of 
quasiprojective varieties, so Perf(j£) are just the objects of QC(X) which 
are equivalent to a complex of vector bundles. 

Now let X = X/G as in the rest of this paper. Assume we have a map / : 
X — )• -B where B \s a, quasiprojective scheme. The restriction i* : Perf(X) — )• 
Perf(X'**) is a dg-® functor, and in particular it is a functor of module 
categories over the monoidal dg-category Perf(i?)®. 

The subcategory Gg used to construct the splitting in Theorem |1.1| is 
defined using conditions on the weights of various 1-PS's of the isotropy 
groups of X, so tensoring by a vector bundle f*V from B preserves the 
subcategory Gg. It follows that the splitting constructed in Theorem |1.1| is 
a splitting as modules over Perf(i?). Thus for any point b & B we have a 
split surjection 

Funperf(B) (Perf({6}),Perf(X)) ^ Funp,rf(B) (Perf({6}),Perf(X-)) 

Using Morita theory, both functor categories correspond to full subcate- 
gories of QC((»){,), where (•)fe denotes the derived fiber (•) x^ {b}. Explic- 
itly, Funpgj.f(B) (Perf({6}), Perf(X)) is equivalent to the full dg-subcategory 
of QC((X){,) consisting of complexes of sheaves whose pushforward to X is 
perfect. Because X is smooth, and 0(^)6 is coherent over Ox, this is precisely 
the derived category of coherent sheaves D (Coh((X)fe)). The same analysis 
applied to the tensor product Perf({6}) (E>pcrf(B) Perf(X) yields a splitting 
for the category of perfect complexes. 

Corollary 5.1. Given a map f : X ^ B and a point b £ B, the splitting of 
Theorem \1.1\ induces splittings of the natural restriction functors 

D''(Coh((X)fe)) ^ D^(Coh((X-)fe)) 



Perf((X)6) ^~^ Perf((X^") 



b) 



In the particular case of a complete intersection one has B = A'^,b = OGB, 
and the derived fiber agrees with the non-derived fiber. 



As a special case of Corollary 5.1, one obtains equivalences of categories 



of matrix factorizations in the form of derived categories of singularities. 
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Namely, if PF : X — )• C is a function, a "potential" in the language of mirror 
symmetry, then the category of matrix factorizations corresponding to W is 

MF{X,W) c^ Bl,„g{W-H0)) = B\Coh{W-\0)))/Fevi{W-H0)) 



From Corollary 5.1 the restriction functor MF(X, VF) — )• MF(X, VF) splits. 



In particular, if two GIT quotients Perf(X''''(£i)) and Perf(X'"*(£2)) can be 



identified with the same subcategory of Perf(X) as in Proposition 4.2, then 
the corresponding subcategories of matrix factorizations are equivalent 

Corollary |5.1| also applies to the context of hyperkahler reduction. Let T 
be a torus, or any group whose connected component is a torus, and consider 
a Hamiltonian action of T on a hyperkahler variety X with algebraic moment 
map n : X/T — )■ t^. One forms the hyperkahler quotient by choosing a 
linearization on X/T and defining Xj j j jT = /i^^(O) n X'^*. Thus we are in 



the setting of Corollary 5.1 



Corollary 5.2. Let T he an extension of a finite group by a torus. Let T 
act on a hyperkahler variety X with algebraic moment map ^u : X — t- t^. 
Then the restriction functors 

D(Coh(/i-i(0)/T)) ^ B{Coh{fi-\oyyT)) 

Perf(Coh(^-i(0)/T)) -^ Perf(Coh(^-i(0)"7T)) 

both split. 

This splitting does not not give as direct a relationship between D {X/T) 
and D {X/ / / /T) as Theorem 2.2 does for the usual GIT quotient, but it is 



enough for some applications, for instance 

Corollary 5.3. Let X he a projective-over-affine hyperkahler variety with 
a Hamiltonian action of a torus T. Then the hyperkahler quotients with 
respect to any two generic linearization Ci,C2 are derived equivalent. 



Proof. By Corollary |4.8| all X'"^(£) for generic £ will be derived equivalent. 

In particular there is a finite sequence of wall crossings Perf(X'^*(£+)) — )• 

Perf(X'*^(£o)) ^ Perf(X'^'^(£-)) identifying each GIT quotient with the 



same subcategory. By Corollary 5.2 these splittings descend to /i~^(0), giv- 
ing equivalences of both D (Coh(»)) and Perf (•) for the hyperkahler reduc- 
tions. D 
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